Reinforced concrete (RC) slabs and panels are commonly encountered in critical infrastructure and industrial facilities with a high risk of close-range explosions due to accidents or terrorist attacks. Close-in detonations lead to high intensity concentrated loads which can cause a premature brittle punching failure of the member. The assessment of such type of failure mode is challenging since the loading source varies its magnitude in space and time. This paper proposes an analytical method by which the occurrence of punching (or otherwise) is assessed by comparing the dynamic shear demand and capacity (supply). An exponentially decaying distribution of reflected overpressures on the RC surface is presented for this analysis. The punching shear demand is estimated from the pressure and inertial forces acting in the freebody diagram. The dynamic punching shear capacity is obtained using the Critical Shear Crack Theory with small slab deformations which are predicted from an equivalent single-degree-of-freedom model. The proposed approach takes into account the impulsive behaviour of the member leading to a higher punching capacity and provides better predictions than using existing formulae for punching which are based on tests with quasi-static loading and deformations. The proposed analytical equations are further supported by numerical explicit finite element models providing useful information of crack development, dynamic reactions and deflections. The application of the proposed method has been illustrated and validated by comparison with various tests with scale distances from 0.2 to 1.5 m/kg 1/3 . A practical example is presented to illustrate the applicability of the proposed method.
Introduction
The increased threat of terrorist attacks as well as the occurrence of accidental explosions within or in close proximity to an engineering structure often leads the engineer to consider the actions of blast loading on the structure being designed. In the case of reinforced concrete (RC) structures, such loading can lead to various failure modes, including flexure, direct shear and punching shear. This paper is primarily concerned with the assessment of the latter form of structural failure. A number of situations can arise where blast loading can cause punching shear failure in a RC structure, viz. explosions occurring close to a blast and fire protection panel or an explosion close to a RC slab within a framed building, as shown in Fig. 1(a,b) . For close-range blasts, a significant concentration of the load occurs adjacent to the blast point; the peak reflected pressures considered in this work varied between around 1 to 100 MPa. This load can result in the brittle development of a punching shear plug ( Fig. 1(c) ) as observed experimentally in [1] [2] [3] [4] [5] [6] [7] [8] due to the impulsive behaviour described in Section 2.
Many researchers have studied experimentally the damage of RC slabs and panels of various dimensions when subjected to varying degrees of blast loading including Silva and Lu [3] , Wang et al. [4, 5] , Zhao and Chen [7] , Castedo et al. [8] , Schenker et al. [9] and Fischer and Häring [10] . A number of researchers also studied the effect of strengthening RC slabs with novel polymeric composite materials (e.g. [1, 2, 11, 12] ). Empirically-based formulae have been developed such as Eq. (1) in [13, 14] in an attempt to assess whether a RC element would be damaged or even breached when subjected to a blast load. The assessment is done on the basis of the element's thickness, h, and the blast loading parameters, viz. the mass of explosive material, W, and the stand-off distance between the explosive and the target, S. Walley proposed that no breaching would occur if: A number of difficulties can be associated with this expression, principally the fact that it is independent of the concrete compressive strength, which intuitively is a strength parameter. UFC 3-340-01 [15] proposes a similar relationship but accounting for concrete strength, such that no breach would occur if:
in which a, b and c are constants and W is the spall parameter which for bare, non-contact hemispherical surface charges is given by applied in this work to estimate the level of damage and to compare it with the predictions from the proposed model which only looks at punching. Whilst simple, these formulae are purely empirical and do not distinguish between breach and punching. As highlighted in Silva and Lu [3] there is no analytical method of assessing the occurrence of punching in RC structures subjected to blast loading. The aim of this paper is the development of an analytical approach based on punching under impulsive behaviour (refer to Section 2). The proposed method consists of three steps: (1) definition of blast loading parameters, (2) assessment of the maximum punching shear demand and (3) assessment of the dynamic punching capacity to compare it against the demand. An upper and lower bound estimates of the demand and capacity are obtained respectively during the blast load when punching can potentially occur. The proposed approach is validated against existing experimental data and it is also further supported by numerical simulations.
Punching shear under impulsive behaviour
This paper considers detonations with duration of a few milliseconds or less which can be considered of short duration compared to the occurrence of the natural (global) response of structural elements. Such loads result in an impulsive behaviour of the element with very small deflections at the time where the overpressure reaches its maximum value. In such cases, spall and breach of the panel can occur due to the compressive and tensile transmitted shock waves in the concrete or alternatively a punching shear plug could develop. The formation of a punching shear plug is primarily governed by the large punching shear forces (demand) that can be estimated using local models considering the overpressure and inertial forces acting in the element. On the other hand, the assessment of the punching shear capacity can be problematic in this case as most of punching formulae available correspond to quasi-static loading in which the level of strains in the concrete is not considered explicitly.
It is shown in this paper that strain-based punching capacity models such as the Critical Shear Crack Theory (CSCT) from Muttoni [16] are suitable to address cases of impulsive behaviour. According to the CSCT, the capacity is written as a function of the deformation of the slab (slab rotation outside the punching plug, h, shown in Fig. 2a ) which is an indirect measure of the strains in the concrete in relation with the opening of the critical shear crack. Fig. 2b shows the failure criterion in [16] in which the punching capacity increases for lower slab rotations. This relationship was derived analytically by means of a discrete crack approach with defined kinematics and constitutive equations for the stress transferred along the critical crack through aggregate interlocking and tensile stress in the concrete. The failure criterion for the concrete contribution can be adapted for high-strain rates as shown in Micallef et al. [17] and it can be added to the contribution of shear reinforcement [18] or steel fibres in the concrete [19] which also vary with h. Given some load-rotation response for a particular slab system, the punching shear capacity, V R , and the rotation at failure, h R , can be immediately established by the intersection of the two curves (Fig. 2b) . This approach, which fundamentals were established in the 1980s by Muttoni [20] , is the basis of fib Model Code 2010 [21] formulae for punching.
As shown in Fig. 2b , the CSCT predicts a higher punching capacity for cases with low rotations which is due to narrow cracks and the significant contribution of concrete in tension. The CSCT provides reasonable predictions in the region of low rotations as shown in slab tests subjected to localised impact loads with moderate strain-rates investigated in [17] as well as static load tests of slender slabs with very large flexural reinforcement ratios [16] and compact footings [22] where the shear deformation component is larger than the flexural one. Other approaches are available for estimating the capacity in cases of low deformations such as limit analysis [23] , although the implementation of strain effects in the concrete strength can be cumbersome.
In order to derive an analytical approach in this work, the variation of the punching capacity during the load duration is neglected. A lower bound estimate of the capacity at the time of failure is obtained using the CSCT with a dynamic rotation estimated at the end of the applied load. The dynamic rotation is estimated using a simple SDOF model with transformation factors to take into account the impulsive response. For consistency, an upper bound estimate of the punching shear demand is estimated at failure; a free body diagram model is adopted for the local analysis of the shear forces. It is shown that for short load durations these assumptions can provide reasonable and systematic predictions of punching of existing test data.
Defining the blast load
The exact definition of the blast loading is complex since it involves the study of high pressure shock waves travelling at supersonic speeds impacting on finite targets. Theoretical and numerical approaches exist providing a good insight of the problem, although they can be too complex to be used in design. Empirically-derived relationships are often preferred in which the blast load is simplified and defined mainly by three components; viz. the loading duration, load magnitude (reflected overpressure) and the spatial distribution. These parameters can be estimated using empirical expressions written primarily in terms of the mass of explosive material, W in [kg of TNT], and the stand-off distance between the explosive and the target, S in [m]. These two parameters are typically described by the scaled distance, Z, which is a scaling parameter so that two charges which have identical scaled distances produce the same blast overpressure. In this work, far-field explosions are excluded and only tests with scale distances ranging from 0.2 m/kg 1/3 to 1.5 m/kg 1/3 are investigated. Various scaling laws have been proposed but the most commonly used is that defined in Hopkinson and Cranz [24, 25] as:
Blast wave simplification and load duration
An idealised blast wave typically has the form shown in Fig. 3 [14] . However, it is often simplified into a linearly decaying pulse load of instantaneous rise to a maximum overpressure of P 0 over a duration of t d , ignoring the negligible rise time and the negative phase, as shown in Fig. 3 . In the positive phase, the linearization of the blast load is based on impulse equivalency to the Friedlander curve. The duration of the positive phase, t d , is given in [3] 
The detonations considered in this work had a very short duration with t d =T lower than 0.1 and relatively small scaled distances. Therefore, neglecting the negative pressure phase in this case results in predictions of the total impulse which are conservative when estimating the punching shear demand. This assumption has also negligible effects on the predictions of the punching capacity around the time of failure.
Reflected overpressure
The peak incident overpressure, P 0 , is estimated in this work according to the relationship proposed by Henrych [26] given by Eq. (6). This expression gives reasonable correlation with experimental data of spherical blast tests in the near-field (e.g. 
The reflected overpressure, P r , is normally related to the peak incident value using the reflection coefficient C r ¼ P r =P 0 . The lower and upper limit of C r are 2 and 8 respectively, which are well known for shock waves in ideal fluids with infinite perfectly reflecting surface and neglecting compressibility. In this work, close-range detonations are considered leading to strong shocks (P 0 ) P s0 ) and C r can be up to 13 due to gas dissociation effects [14] . Fig. 4 shows the reflection coefficient obtained in [15] for different peak overpressures ranging from 0.01 MPa to 35 MPa and angle of incidence equal to 0°(face-on loading pressure); in this case, C r can be approximated by the following expression in terms of the peak incident overpressure. For strong shocks, C r reduces as the angle of incidence increases for angles lower than 40°. This effect could be considered by reducing coefficients 5.36 and 0.25 in Eq. (7) almost linearly with increasing the angle of incidence. However, considering this effect will underestimate the pressure at points with an angle of incidence above 40°where Mach reflection occurs. In order to obtain a reasonable average prediction of the spatial distribution of pressures for the entire specimen, a constant factor C r was finally adopted; the predictions of the spatial distribution obtained are comparable to results from test data as shown in Section 3.3.
Another aspect which can reduce the total impulse of the load is the clearing effects due to the rarefaction wave propagation from the boundaries of the target as shown in [28] . This phenomenon which is relevant towards estimating blast pressures on columns for example, is neglected in this work due to insufficient information of boundary conditions of existing test data. Neglecting clearing effects is consistent with the proposed methodology in this work in providing an upper and lower bound estimates of the demand and capacity respectively. For example, as shown in [29] , neglecting clearing effects for loads with very short duration, the peak deflections obtained using a SDOF would be slightly overestimated which would be conservative in terms of estimating the punching capacity according to the CSCT.
Spatial distribution
For a blast wave impinging on a target (e.g. a RC slab) at a set distance, the pressure values at various points on the target's surface will vary according to the distance between each point and the loading source, SðrÞ, and the angle of incidence of the blast wave. In this work, the blast pressure profile pðrÞ is estimated as the product of P 0 ðrÞ times C r using Eqs. (6) and (7) respectively with a scale dis-
Þ where 0 6 r 6 R and R is the radius of the exposed surface of the target (i.e. slab) as shown in Fig. 5(a) . A constant value of C r is adopted which is obtained using (7) with P 0 ðr ¼ 0Þ from (6) . For close-in detonations (nearfield range), and ignoring the size of the explosive, the pressure will be of large magnitude immediately underneath the explosion source and rapidly decay with distance away from the source (Fig. 5(a) ). The predicted reflected pressure will be almost constant for points very close the centre due to the small variation of ZðrÞ (7) vs. results from [15] . Fig. 5 . Pressure decay according to exponential approximation of (6) and (7) whereas the pressure decays almost exponentially at further points. Fig. 5(a) shows that the reflected pressure profile can be approximated to an exponentially decaying function of the form given by (8) which is common in practice ( [30] [31] [32] [33] ). In this paper, parameters a and P r0 are obtained systematically from a leastsquare exponential fitting of the results given by Eqs. (6) and (7) for the range of r from 0 to R as shown in Fig. 5(a) . Alternatively, parameters a and P r0 could be obtained empirically from pressure measurements (if they were available), however this approach is not practical for general cases in design and therefore it was not adopted in this work.
Parameters a and P r0 were calculated systematically from (6) and (7) ]. These simplified expressions are only valid for the specified ranges of Z and S=R; for alternative values, the parameters need to be obtained from a least-square fit using (6) and (7) . The use of an exponential approximation (8) is practical for the derivation of analytical formulae to be used in design. It can be seen that as a ! 0, the loading profile approaches that of a uniformly distributed load (UDL) of magnitude P r0 while in the limit as a ! 1, the load becomes more akin to a concentrated point load. Punching is more likely to occur in cases with larger values of P r0 , a and aR.
The spatial distribution from the exponential approximation was verified using test data from Tyas et al. [34] on near-field spherical PETN explosive blasts and Z varying from 0.15 to 0.75 m/kg 1/3 . Fig. 5 shows that the reflected pressure and the load decay predicted is comparable to the average values observed experimentally at different offset points. The predicted reflected pressure values at the centre, P r0 , were within 15% difference of the test values and parameter a was within 30%. The predictions from the exponential approximation are less accurate for Z > 0.7 m/kg 1/3 near the mid-field range as shown in Fig. 5 
however this is not critical since punching is less likely to occur in such cases due to the low values of P r0 , a and aR. It is worth noting that the experimental average values of pressures given in Fig. 5 have a very large dispersion between measurements at points with the same offset (up to 450%) due to irregularities in the fireball [34] . However, Tyas et al. [34] also recognize that the average values reported are representative of nominally identical tests.
The proposed simplified exponential expression provides sufficient accuracy in order to assess punching failure correctly as shown in Section 6. Alternative analytical and numerical tools could be adopted for modelling the blast load in order to obtain refined values of a and P r0 . For example, refined predictions of the impulse could be obtained using clearing correction models as shown experimentally in [35] . Tyas et al. [34] obtained reasonable predictions of the peak normally reflected pressures of their tests using ConWep Ò in LS-Dyna Ò [15, 36] . The post-peak and total impulse was however influenced by clearing effects so the impulse was overestimated in some cases. In this paper, ConWep was applied in the FE models described in Section 7 used to further verify the proposed punching assessment method.
Maximum punching shear demand

Analysis of local shear forces
Some established procedures for analysis and design of blast resistant components (e.g. [37] ) recommend using a simplified approach in which the structural member is analysed under blast pressures only. Whilst simple, this approach can be rather conservative [37] and therefore in this work the blast pressures and inertial forces were considered to assess the shear demand using a local model as shown in Fig. 6 . The dynamic shear demand was estimated at different control perimeters, considering the blast pressure pðtÞ and inertial forces iðtÞ within the control perimeter in the free body diagram as shown schematically in Fig. 6 . An upper bound estimate of the punching shear demand for closein detonations can be estimated by assuming a time t ! 0 and ignoring the arrival time of the blast wave at each point. The envelope of the peak reflected blast pressures is defined by the exponential approximation given by Eqs. (8)- (10) . The inertial forces were estimated from the dynamic reactions and deformed shape of the member assuming elastic deformations which is justifiable for impulsive behaviour (small deflections at punching failure).
The body force diagram in Fig. 6 is a simplified model proposed to estimate the maximum shear demand and its corresponding distance from the centre to assess punching. It is worth noting that the estimated distance at which the maximum shear demand takes place is only a reference distance at which the shear stresses are checked. This distance has no specific physical meaning and it does not necessarily correspond to the location of the punching cone.
The dynamic shear demand V dyn ðrÞ at a control perimeter at a distance r from the centre and t ! t d ! 0 can be estimated from 
where k P ðrÞ and k I ðrÞ are the fractions of the total pressure load P and inertial load I respectively at a distance r from the centre so that kðr ¼ RÞ ¼ 1. These two factors depend on the shape of the distribution of blast pressures pðtÞ and inertial forces iðtÞ. The total pressure load acting on the target covering an area of radius R from Eq. (8) is:
and the corresponding fraction of the total pressure load at a distance r is:
Fig. 6 . Dynamic shear V dyn ðrÞ at control perimeter at a distance r from the centre.
Estimation of inertial forces from dynamic reactions
The distribution of the inertial forces follows the assumed deflected shape of the slab which is given by the shape function uðxÞ. For relatively low values of r, uðxÞ can be approximated using a parabolic relationship for simply supported slabs or even for slabs fixed at the edges. This assumption was found to have a very small effect on the predicted dynamic shear demand compared to using more complex functions of uðxÞ. Tests investigated in this paper correspond to slabs supported at two ends, in this case adopting a parabolic prismatic surface for the distribution of iðtÞ results in expression (14) which also satisfies k I ðr ¼ RÞ ¼ 1. Eq. (14) is the fraction between the volumes of a parabolic prism and a truncated one (shown in Fig. 6 ) with a square base (in plan view) with the same area as a circle with a radius equal to r.
For slabs which are supported on four edges or situations with axisymmetric global deformations, a paraboloid surface could be assumed for the calculation of parameter k I ðrÞ.
As described in [38] , the total inertial force I depends on the load P and the summation of the dynamic reactions at the supports. The dynamic reaction is normally expressed in the form of V dyn;reaction ¼ K Re R e þ K P P where R e and P are the resistance and total load respectively. The coefficients K Re and K P are normally given in tables in the literature (e.g. [38] ) for different boundary conditions and types of loads (e.g. UDL and point load). For t ! 0 the deformations are small and R e is negligible (i.e. V dyn;reaction % K P P). Thus the total inertial force is:
where P K P P is the sum of all the dynamic reactions which is limited to the ultimate dynamic resistance of the structural response. Coefficient K P is derived from imposing dynamic equilibrium in a free body diagram considering the applied force and inertial forces which vary over time [38] . The predictions of K P for an exponentially decaying load are summarised in Fig. 7 which are consistent with [38] for a UDL and point load cases by taking extreme values of aR (c.f. K P ¼ 0:11 and À0.28 for a simply supported beam with UDL and point load respectively and K P ¼ 0:14 and À0.21 for a fixed-fixed beam with UDL and point load respectively).
As shown in Fig. 7 , K P is positive for a UDL (upward reactions) and negative for a point load (downward reactions) and the transition where K P ¼ 0 is for values of between around 0.5 and 4. This is interesting since most of practical examples and experimental data investigated in this paper are within this range of values of aR. In such cases P K P % 0 and the dynamic reaction is zero or close to zero. Moreover, in these cases I % P and Eq. (11) can be simplified as follows:
For general cases of boundary conditions and values of aR in which the dynamic reactions are not negligible, Eq. (16) is not applicable and general expression (11) should be adopted.
4.1.2.
Normalised shear demand at a distance r from the centre In order to apply the CSCT, the shear demand is normalised by dividing the shear force by the product of the length of the control perimeter ðb 0 ¼ 2prÞ, the effective depth d and ffiffiffiffi f c p . The normalised punching shear demand is obtained from Eqs. (11), (12) and (15) which gives:
This general expression, or a simplified one with P K P % 0, gives the distribution of shear demand along r and it can be used to calculate the maximum normalised shear demand and the corresponding control perimeter to check whether the punching shear capacity is exceeded.
Simplified equation for maximum normalised shear demand
Expression (17) is general although several simplifications can be made for practical cases of blast loading (aR = 0.7-3). In such cases, the maximum normalised shear demand can be linearized according to the following expression:
where n ¼ 1 1000a
ð65aR À 46Þ in [m]; term nP r0 has units of shear force per unit length. Eq. (18) was derived numerically by finding the maximum demand from (17) and adopting different values of a and aR within the region r/R = 0-1. Fig. 8(a) shows the results from this analysis; it is shown that parameter n is linear for the range of interest (aR = 0.7-3). Fig. 8 (a) also shows that for low values of aR (e.g. aR < 0:7), corresponding roughly to cases where S=R > 1 according to (9) , the load is fairly uniform and punching is unlikely to occur as observed experimentally (refer to Section 6.2). For values of aR > 3, n is non-linear ( Fig. 8(a) ) and a more refined prediction of the dynamic reactions ð P K P Þ is needed according to Fig. 7 .
For extremely large values of aR (between around 30-40), n tends to a constant value of 0:3=a (a in [m]) although such type of loading is very difficult to achieve in practice. Evaluating (17) also showed that the maximum normalised shear takes place at a control perimeter at a distance r max which is within a maximum distance from the centre equal to 0:35R as shown in Fig. 8(b) . The exact location of the control perimeter can be estimated using the following parabolic approximation which is valid for values of aR = 0.7-2 ( Fig. 8(b) ). of r max where the maximum normalised shear is found from 0:35R towards zero. This means that the maximum shear demand will occur at r ! 0 for the asymptotic case of the load being concentrated at the centre. 5. Dynamic punching shear capacity according to the CSCT
Influence of strain-rate and inertial effects on punching capacity
A fundamental characteristic of the CSCT is that the punching capacity is related to the slab rotation which is proportional to the opening of the shear crack which is an indirect measure of the strains in the concrete at failure. For design purposes, a failure criterion, Eq. (20), was proposed by Muttoni [16] for the concrete contribution as shown in Fig. 2(b) :
in SI units [MPa, mm] , where h is the slab rotation outside the failure region (Fig. 2(a) ) using standard notation in blast literature (also known as w in punching shear literature e.g. [16, 21] ), V R is the punching capacity, d is the effective depth, b 0 is the control perimeter, d g is the maximum aggregate size, d g0 is a reference aggregate size taken as 16 mm.
Eq. (20) can be applied to impulsive cases to consider inertial and strain-rate effects as shown in Micallef et al. [17] . The punching capacity increases with strain-rate due to the increase in material strength with loading rate, viz., aggregate interlock and residual tensile strength. This leads to a modest increase in the punching capacity (7%) at low to medium strain-rates of up to around 10/s, with more significant increases (over 30% and up to 70%) at strain-rate in excess of 100/s. Unless a more sophisticated analysis is carried out, the strength enhancement can be taken into account by replacing the coefficient 0.75 in (20) Regarding inertial effects, these are shown to have a large influence on the punching shear demand as discussed in Section 4. The inertial effects also influence the punching capacity due to the impulsive behaviour (small deflections) and high punching capacity at the time of maximum blast pressures. As described in Section 2, considering cases of very short load durations and ignoring the variation of punching capacity during the blast load, a reasonable lower bound estimate of the capacity at failure can be obtained by adopting a small value of the dynamic rotation h dyn corresponding to the deformation of the slab at t ¼ t d . The dynamic punching capacity can be obtained by substituting the estimated dynamic rotation h dyn into Eq. (20) as shown in Fig. 2  (b) . The dynamic rotation at t d can be estimated from first principles using a SDOF model as shown in the following section.
Dynamic slab rotation at the end of the blast load
An equivalent linear-elastic SDOF is developed for impulsive cases in order to derive an analytical expression for h dyn at the end of the blast load (t ¼ t d ). Considerable work has been carried out in the past on the global response of blast-loaded RC slabs and panels using simplified single-degree-of-freedom (SDOF) models (e.g. Morrison [39] , Fischer and Häring [10] , Silva and Lu [1] [2] [3] , El-Dakhakhni et al. [40] , Stochino and Carta [41] ). This approach is well established and it is recognized in modern codes of practice for design (e.g. UFC 3-340-02 [36] ). The advantage of using such models is that these provide a quick and relatively simple evaluation of the structure's response, with a theoretically sound transition from static to dynamic loading scenarios. One drawback of this approach is that for modelling realistic structures with distributed mass and loading, it is often necessary to convert the continuum into an equivalent SDOF by means of adequate transformation factors [38] . A multiple-degree-of-freedom (MDOF) or a continuous system can be converted into an equivalent lumped mass SDOF model by means of mass, stiffness and load transformation factors which are given in the literature for beam and slab systems with different types of load and boundary conditions. The equation of motion describing the transformed (undamped) system of (total) mass m and stiffness k subjected to a load pðtÞ can be written as:
where K LM is the load-mass transformation factor given by:
where the mass and load transformation factors are given respectively by: for a UDL and point load respectively found in the literature [38] .
The variation of K LM with aR follows a logarithmic relationship K LM % À0:06 lnðaRÞ þ 0:66 as shown in Fig. 9 . A conservative estimate of the dynamic response may be gained by using the point load result K LM % 0:5, which would mobilise less mass and thus is more conservative for a shock-fronted pulse. A similar procedure for alternative boundary conditions and load-sharing mechanisms (e.g. 2-way action) can provide corresponding values of K L , K M and K LM ; alternatively the values for UDL and point load cases can be obtained from literature (e.g. [38] ). The response can be readily evaluated by solving the equation of motion (21) using a numerical method (e.g. Euler method) for the slab's displacement u. In a general case of loading, the response of the system would be non-linear due to cracking of concrete and yielding of the reinforcement. In general, the response can be approximated to a parabolic relationship P / bu 2=3 using the load-rotation relationship proposed in fib Model Code 2010 [21] where b is the slab stiffness parameter of the non-linear SDOF given in Appendix B (Eq. (B.5)). In impulsive cases, the response of the slab at t ¼ t d is still in its linear-elastic regime and therefore and equivalent linear-elastic SDOF system would give the same response as the non-linear one. This assumption allows significant simplifications. An equivalent linear system can be obtained with an equivalent stiffness k e which can be derived from equivalence of strain energy between the systems (Appendix B, Eq. (B.7)). The dynamic displacement is a function of the static value through the dynamic load factor (DLF) as shown
For an undamped system subjected to a linearly decaying pulse load of duration t d , it can easily be shown [38] that the DLF in the interval 0 6 t 6 t d given by:
where T is the natural period of the equivalent linear SDOF system is given by
Although the effect of damping is to decrease the DLF, it can be shown that it has negligible effect in the early-time response, particularly for low damping values (f % 5%) for most building structures. Thus, the expression (26) will be used. Evaluating (26) at the time of interest, t ¼ t d , then the DLF is:
It is generally accepted that for triangular load pulses with ðt d =TÞ K 0:25, the load can be described as impulsive (e.g. [42, 43] ). Some references (e.g. [14] ) suggest a lower limit value of ðt d =TÞ K 0:10 for the boundary between impulsive and dynamic behaviour. Fig. 10 shows that for ðt d =TÞ K 0:25 the DLF may be approximated with little loss of accuracy by:
The maximum displacement can be found by substituting Eqs. (27) and (29) into (25) resulting into Eq. (30) which is independent of the stiffness of the system.
Eq. (30), which is only valid for impulsive cases, gives almost identical predictions of the deflection to using a full non-linear SDOF model. Table 1 shows this comparison for three tests from the literature [3, 5] which are further discussed in Section 7.2. In all cases, it is seen that the loading scenario is impulsive, ðt d =TÞ ( 0:25. In order to estimate T using Eq. (27), k e needs to be assessed according to Appendix B (B.7) with u e from (30). This check is not generally required for the short duration close-in detonations investigated in this work.
The dynamic slab rotation h dyn can be obtained from the dynamic deflection u dyn assuming a compatibility condition between both; for simply supported slabs or low fixity at the supports and small impulsive deformations due to blast it can be assumed that h dyn % u dyn =R. This assumption was further verified using numerical FE models as shown in Section 7.2. The slab rotation considered in Eq. (20) corresponds to the radial direction of spanning in slabs supported on two edges; in slabs supported on four sides or different configurations, the radial direction leading to the maximum rotation needs to be considered [44] .
In summary, the dynamic rotation h dyn at t ¼ t d is obtained from (30) and (12) resulting in:
Fig . 9 . Variation with aR of transformation factors for a simply-supported 1-way structure. Fig. 10 . Effect of dynamic load factor approximation.
As expected, the slab rotation at punching failure given by (31), which is independent of the stiffness, is significantly lower than those observed in quasi-static tests. The predictions were further validated using numerical FE models (Section 7). The terms involved in expression (31) are critical to define the impulsive response of the slab. The first term is an exponential relationship which varies with the level of load concentration aR (i.e. this term increases as the load concentrates towards the centre of the slab). The second term in (31) ]) which is a function of the impulse and load concentration.
Validation with experimental results
Review of basic parameters involved
The incidence of punching can be assessed analytically using the proposed approach based on the lower bound estimate of the punching capacity in the interval 0 6 t 6 t d from Eqs. (20) and (31) and the upper bound estimate of the punching shear demand from the general and simplified expressions (17) and (18) (4), (5), (9) and (10), the previous parameters are all function of basic terms defining the charge (S and W), defining the geometry of the specimen (R and d) and defining the type of concrete (m, ffiffiffiffi f c p and d g ). This observation is fairly consistent with parameters found in empirical formulae for estimating level of damage presented in Section 1. The proposed approach offers a more refined definition of the material properties affecting the behaviour (i.e. density of the concrete affecting the mass and size of aggregate for different types of concrete). The proposed approach also includes explicitly the size of the specimen which can influence punching (e.g. tests with S ) R the load is almost uniformly distributed and hence punching is unlikely to occur as shown in Section 6.2).
Comparison with experimental database
The proposed approach was applied to twenty-one tests found in the literature [2] [3] [4] [5] 8] shown in Table 2 , covering a wide range of slab sizes, reinforcement ratios and blast loadings of varying scaled distances (Z from 0.2 to 1.44 m/kg 1/3 and S=R from 0.57 to 1.72). The slabs were simply supported at two edges with anchored supports to prevent lifting of the slab. Fig. 11 shows the results of the normalised shear demand (17) and rotation (31) obtained in each test. The normalised rotations are significantly lower than in quasi-static cases where the values range from 0.1 to 0.3 [16] . The proposed method correctly predicts punching (or otherwise) in 90% of the cases considered. Table 2 shows that similar results are obtained using simplified expression (18) for estimating the shear demand. The results are consistent with damage predictions using (2) (failure is predicted correctly in 90% of the cases) Table 2 Summary of experimental data (Note * : capacity according to (20) and (31), material strength enhancement due to strain-rates is not considered in the analysis; dg is assumed to be 8 mm in all tests).
Test
Size outside the range of application of the formula in [36] .
Figs. 11 and 12 show that the variation in punching shear capacity according to the proposed approach, which is influenced by the overall structural response, is significantly small compared to the large variations in demand. This is clear in the analysis of tests from Wang et al. [5] in which the mass of the explosive was increased systematically from 0.2 kg to 0.55 kg of TNT with a constant stand-off distance. In these tests, the predicted punching capacity varied from 0.63
. with increasing W due to almost identical predicted deformations at t d , whereas the maximum punching demand varied from 0.44 ffiffiffiffiffiffiffiffiffiffi MPa p to 1.0 ffiffiffiffiffiffiffiffiffi ffi MPa p . It can be concluded that the influence of the overall structural response on the incidence of punching according to the model is negligible. This is consistent with findings from localised impact load hybrid models which consider local and global behaviour (e.g. [17, 45] ). Whilst the influence of the structural response on punching is small, the assessment of h dyn is relevant in the proposed approach towards obtaining realistic predictions of the capacity at the time of failure. This is further supported in Section 6.3 in which the results are compared using different existing formulae for punching.
The variations in the maximum demand according to the proposed model are influenced mainly by S=R and Z which affect parameters a, aR and P r0 . Fig. 11 shows that in tests with S=R ) 1 and Z > 1 m/kg 1/3 the load is almost uniform and punching is not critical whereas for S=R ( 1 with small stand-off distances punching occurs for different charges. The proposed model is particularly useful to assess punching in cases with S=R % 1 with Z < 1 m/kg 1/3 . 6.3. Comparison using capacity formulae from codes ACI 318-11 [46] and EC2 [47] A similar comparison between the demand and capacity predicted in the tests shown in Table 2 was carried out using different punching shear capacity equations in ACI [46] and Eurocode 2 -EC2 [47] codes (refer to Appendix C). Fig. 12 summarises the results from this analysis; points above the dashed line are predicted to fail in punching and empty symbols represent tests in which punching was observed. Fig. 12 shows that ACI and EC2 formulae predict punching in many tests where this type of failure was not observed, which suggests that the capacity is underestimated. This is somewhat expected since these formulae were calibrated using quasi-static loading tests failing at large deformations (i.e. lower capacity). The contribution of each parameter in the EC2 formula cannot be extrapolated directly to impulsive cases. For instance, it is questionable in impulsive behaviour, whether the reinforcement ratio has the same influence on punching as in quasi-static loading. ACI and EC2 formulae provided correct predictions of punching failure only in tests with very large blast loads (e.g. I-D, II-D [3] ) in which the maximum shear demand was considerably larger than the capacity (e.g. V max;dyn =V R > 2 or 3). In such cases, the accuracy in the estimation of the punching capacity becomes less relevant towards assessing punching failure. This is the case of six tests from Table 2 with demands above 3 ffiffiffiffiffiffiffiffiffi ffi MPa p which are not shown in Fig. 12 for clarity; in this case punching failure was predicted by the three approaches as observed experimentally.
Numerical simulations
The predictions from the analytical model were compared with numerical results obtained from explicit FE models using shell and solid elements as shown in Fig. 13 . A preliminary FE mesh density sensitivity analysis was carried out and it was concluded to adopt a (20), and test data (normalised dynamic rotation vs. maximum shear demand). Fig. 12 . Normalised punching shear demand (17) vs. normalised punching shear capacity obtained for the tests in Table 2 using fomulae from EC2 [47] , ACI 318-11 [46] and proposed approach, Eqs. (20) and (31) based on the CSCT. relatively fine mesh using symmetry simplifications as shown in Fig. 13 . FE models with shell elements were used to analyse tests in order to refine the predictions of h dyn to be used in (20) and also to predict the dynamic shear demand. FE models with solid elements were used to obtain additional information regarding time of failure, crack development and additional damage. The advantage of the FE models over the analytical formulae is that the former considers the variation of the dynamic reactions over time and the influence of arrival time and radial propagation of blast. The FE models were also used to verify the effect of strain-rate and the influence of flexural reinforcement ratio on punching failure. The numerical studies were helpful due to the limitations of experiments to address some of these issues. The FE models were validated beforehand [48] against existing experimental data of simply supported slabs with different blast detonations from [2] [3] [4] [5] . The residual deflections of tests [5] obtained from the FE models were comparable to measured reported values; test I and II (Table 2 ) had residual deflections of 15 mm and 35 mm respectively and the FE models predicted 17 mm and 38 mm. Deflections predicted by FE models with shell and solid elements provided similar results (e.g. Fig. 15(c) ).
Description of FE models with shell & solid elements
The FE analyses were carried out using LS-DynaÓ and MatlabÓ for the post-processing. The blast load was modelled using ConWepÓ which provided comparable pressure values to the exponential approximation (refer to Section 7.2.2). The analyses were carried out in the time domain with the explicit solver method which allows taking into account material non-linear behaviour. The damaged plasticity model with smeared cracking was adopted in LS-Dyna. The strength of the concrete and steel adopted are given in Table 2 ; the tensile strength and Young modulus of concrete are obtained from f c using Eurocode 2 [47] . The shell elements used were quadrangular Hughes-Liu elements in which the composite reinforced concrete section was modelled by a fibre analysis (see for example [49, 50] ). The section of the shell consists of a series of fibres or layers with different material properties; two material types were defined in LS-DynaÓ, one for the concrete fibres and one for the smeared combination of concrete and reinforcement. The constitutive material model for the concrete was based on the uniaxial behaviour with plastic stress-strain relationship, linear tension softening (as a function of the fracture energy) (a)
4 mm gap Fig. 13 . FE models carried out by the authors of tests from Wang et al. [5] : (a) FE models using shell elements and (b) FE models using solid elements (only one quarter of the slab was modelled due to symmetry). and the model from Mander et al. [51] for compression. The fracture energy in tension was estimated from the compression strength and aggregate size according to [52] . The solid elements used in this work were eight-noded elements with reduced integration. Hughes-Liu beam elements were used for the reinforcement which are embedded in the concrete elements assuming perfect bond between the two. The concrete was modelled in this case using the Continuous Surface Cap Model (CSCM) which assumes an elastic behaviour until yielding, after which the softening in compression and in tension are governed by the damage parameters in terms of the cumulative plastic strains. This model had been validated beforehand for blast tests of precast concrete cladding walls [48] . The hourglass control type of FlanaganBelytschko with stiffness form is utilized in order to prevent hourglass deformations (hourglass coefficient of 0.025). The material model for the reinforcement steel assumed a bilinear stressstrain relationship in all models. Material strength enhancement due to strain-rate effects in concrete and steel was taken into account in the FE models (refer to Section 7.3).
Comparison between numerical and analytical predictions
Three tests were selected from Table 2 to compare the analytical and numerical approaches: The three tests selected are a good representation of the data base in Table 2 . Each test belongs to each one of the three groups shown in Fig. 11 
Predictions of type of failure with FE models with solid elements
The numerical predictions of type of failure from the FE models with solid elements were consistent with experimental evidence. Fig. 15(a) and (b) show the two extreme cases selected, test I-A with only some small deflections and flexural damage (no punching) and test I-D with punching at t % t d and extensive damage developed at peak deflections. The development of punching in test I-D is clearly visible in Fig. 15(b) by the large difference in the deflections obtained at two nodes above and below the punching plug corresponding to the back and front side of the slab at mid-span section and a distance h/2 from the centre. The development of punching in test IV (intermediate case) is not evident from the deflections shown in Fig. 15(c) , although the crack development predicted in the back face indicated punching. A further study of the vertical uniaxial strain across the thickness of the slab at different points in the FE model suggested that a diagonal shear crack had developed (average tensile strains were observed to increase from t % t d until peak ranging from 0.2 ‰ to 2.5 ‰). A similar analysis of the vertical strains in the FE model of test I-A confirmed that shear cracking had not occurred.
Comparison between results from proposed formulae and FE with shell elements
In this section, the prediction of the blast parameters, punching demand and capacity using the proposed analytical approach is discussed for the three tests selected and compared with results from FE models with shell elements. It is shown that consistent predictions of punching are obtained for the three cases selected using the different levels of refinement in the calculation of the punching demand and capacity.
Regarding the blast load parameters, the slabs in tests I-A and I-D from [3] were identical (1048 Â 1048 Â 90 mm slab with q = 0.5%) and the main difference was the stand-off distance and explosive charge which were 900 mm and 0.35 kg of TNT in the first one and 300 mm and 2.39 kg of TNT in the second one. This results in an estimated blast load distribution according to Section 3 equal to PðrÞ ¼ 21:5e . However, these differences are not relevant towards predicting punching since the demand in these cases is clearly below and above the capacity. For intermediate cases (e.g. test IV), FE and proposed formulae gave very similar results of the distribution of shear demand at t ¼ t d and its maximum value as shown in Fig. 16(a) .
The punching capacity estimated according to (20) in tests I-A, I-D and IV respectively. As highlighted in Section 6.2, the capacity is almost constant between the tests which is interesting considering the large differences in loading. These results were further verified using FE with shell elements to refine the prediction of h dyn . This analysis confirmed that the compatibility condition h dyn % u dyn =R is reasonable to predict the slab rotation outside the failure region as shown in Fig. 16(b) . The punching capacity obtained using FE with shell elements were 0.60 ffiffiffiffiffiffiffiffiffiffi MPa p , 0.63 ffiffiffiffiffiffiffiffiffiffi MPa p and 0.68 ffiffiffiffiffiffiffiffiffiffi MPa p in tests I-A, I-D and IV respectively which is similar to the values obtained using Eq. (31) based on a SDOF model. It can be concluded that according to the analysis of demand and capacity using different levels of refinement, punching is predicted only in tests I-D and IV as observed experimentally.
Influence of strain-rate effect and reinforcement ratio on numerical predictions
Previous sections show that the results from the numerical and analytical approaches are consistent with each other. Further parametric studies were carried out with the FE models to assess the influence of strain-rate effects and the amount of flexural reinforcement on punching. The strength enhancement of the materials due to strain velocity was taken into account in the FE models with shell elements by means of the so-called dynamic increase factor (DIF) which is the ratio of the static over dynamic resistance. This ratio, which is a function of the strain-rate, was estimated following widely accepted formulae for simplified analysis according to [37] ; in particular the values of 1.17 for steel, 1.19 and 1.3 for concrete in compression and tension respectively were used for the numerical analysis of tests from Silva and Lu [3] and Wang et al. [5] which correspond to an estimated strain-rate of 0.1/s. The strength enhancement due to strain velocity was taken into account directly in the FE models with solid elements by means of a visco-plastic model for the concrete and a Cowper-Symonds exponential strain-rate model for the reinforcement with parameters C = 500/s and p = 6 according to [53] . The strain-rate assumptions made for shell and solid elements produced similar results as shown in Fig. 15(c) .
The consequences of neglecting strain-rate effects in the predicted deflections and failure mode was investigated using FE models with solid elements by modifying the constitutive material model to make it non-sensitive to the strain velocity. This analysis was carried out for Test IV [5] with W = 0.55 kg of TNT; the results are summarised in Fig. 17 .
The model without strain-rate considerations predicted more pronounced flexural cracks around the proximity of the supports compared to the model with strain-rate considerations (Fig. 17) . However, both FE models predicted similar punching failures at t % t d with a similar radius of the punching cone as shown in Fig. 17 ; the radius of the damaged region was consistent with test observation. The predicted deflections at the centre of the slab at the end of the blast load were 2.9 mm and 3.4 mm in the FE models with strain-rate and without strain-rate considerations respectively. This suggests that strain-rate considerations in this particular case had a moderate effect on slab stiffness. For the test investigated, the estimated strain-rate was of the order of 5/s which results in a negligible increase in punching capacity according to [17] . This seems to be broadly consistent with the numerical results obtained.
Additional FE models with solid elements were carried out to investigate the influence of the flexural reinforcement ratio on punching. According to the proposed analytical model, the reinforcement ratio does not have a significant role in punching due to the impulsive behaviour of the plate. This was further investigated numerically using test IV [5] (W = 0.55 kg of TNT and q = 1.43%) as the control specimen in the analysis. Three FE analyses were carried out reducing the amount of flexural reinforcement ratio to 1.36%, 1.02% and 0.5% whilst keeping all other parameters constant as shown in Fig. 18 .The results from these analyses shown in Fig. 18 indicate that the deflections of the slab were very similar at t % t d when the punching cone developed. This shows that punching at early times is fairly independent of the amount of flexural reinforcement and therefore the use of parameter q such as in EC2 [47] formulae would be inconsistent with impulsive behaviour. However, the flexural reinforcement in the slab has a significant role in the development of subsequent flexural and spalling damage as deflections increase (t ) t d ).
Application example of proposed analytical approach
This section contains a practical example of a load bearing reinforced concrete wall, which is part of a structural system of a building subjected to a close-in blast detonation shown in Fig. 19(a) . A similar geometry was adopted as the case study shown in Cormie et al. [14] . The wall is 500 mm thick, 9 m long and 3 m high (R = 1.5 m); it is reinforced vertically with 20 mm diameter reinforcement bars equally spaced at 150 mm and horizontally with 10 mm diameter bars spaced at 200 mm, and the cover is 50 mm. The concrete compressive strength is 35 MPa with a maximum aggregate size of 25 mm and the tensile yield strength of the reinforcement steel is 500 MPa. The wall is clamped at the top and bottom edges.
Two blast scenarios were investigated consisting of 100 kg of TNT detonated at 1 m and 1.4 m from the target wall respectively and 1.5 m from the ground surface as shown in Fig. 19(a) . A refined non-linear explicit FE model using solid elements predicted punching only for the detonation at 1 m as shown in Fig. 19(b-c) .
It is shown in the following calculations that the proposed analytical method is consistent with the numerical predictions. The steps required in the analytical approach are as follows: 
